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Abstract-The elastoplastic constitutive analysis which utilizes the model of multiplicative
decomposition of the deformation gradient into its elastic and plastic parts has been mainly
developed and applied to elastically isotropic materials, which remain isotropic during the process
of plastic deformation. This paper extends the application of the model to materials that change
their elastic properties during the deformation process as a result of the material degradation and
the corresponding damage. The exact kinematic and kinetic analysis of the finite deformations leads
to an additive decomposition of the total strain rate into its elastic, damage and plastic constituents.
The general structure of the expression for the damage strain rate is derived, valid for utilized
damage tensors of any order. The analysis of elastoplastic deformation of elastically anisotropic
materials without damage is also presented, with the application to transversely isotropic materials.
The relationships between the elastic and plastic strain rates and the components ofthe multiplicative
decomposition and their rates are also given.

I. INTRODUCTION

Let f!Jo be the initial, undeformed configuration of a considered material sample, and
f!J t its deformed configuration obtained by a specified loading program from the initial to
current time t. Assume that a loading is beyond the elastic limit, so that inelastic deformation
processes take place, pertinent to internal structure and composition of the considered
material. For example, if the material is a ductile metal, inelasticity is caused by the
dislocation motion and related micromechanisms occurring within a metal polycrystalline
structure. For a brittle material, such as rock or concrete, inelastic deformation is a
consequence of the evolution of internal crack structure, i.e. the initiation and propagation
of microfractures within the material sample. Whatever the cause of inelasticity is, let F be
the deformation gradient that maps the infinitesimal material element dX from its initial
configuration to its current configuration dx, i.e. dx = FdX. Both the initial X and the
current x locations of the material particle are referred to the same, fixed set of the
rectangular coordinate axes. Introduce next the intermediate reference configuration f!}t by
elastic distressing the current configuration f!J, to zero stress. Therefore, defined con­
figuration differs from the initial configuration by residual (plastic) deformation, and from
the current configuration by reversible (elastic) deformation. If dp is the material element
in f!}" corresponding to its configuration dx in f!J" then dx = Fedp, where Fe denotes the
deformation gradient associated with elastic loading from f!}, to f!Jt. Introducing also the
deformation gradient of the transformation .tfBo -+ f!}" by dp = FpdX, the multiplicative
decomposition of deformation gradient follows (Lee, 1969):

(I)

Fe is customarily called elastic, and Fp plastic part ofthe total deformation gradient F. For
inhomogeneous deformations, only F is the true deformation gradient, whose components
are the partial derivatives ax/ax. In contrast, the mappings f!}, -+ f!J, and f!Jo -+ f!}, are not,
in general, continuous one-to-one mappings, so that Fe and Fp are not defined as the
gradients of the respective mappings (which may not exist), but as the point functions (local
deformation gradients). In the case when elastic distressing to zero stress (f!J, -+ f!},) is not
physically achievable due to the onset of reverse inelastic deformation before the zero stress
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is reached (which often occurs at advanced stages of deformation due to anisotropic
hardening and strong Bauschinger effects in ductile metals, or due to the incomplete
frictional back-sliding of the crack faces in brittle rocks), the intermediate configuration
can be conceptually introduced by virtual distressing to zero stress, locking all inelastic
structural changes that would occur during the actual distressing.

Deformation gradients Fe and Fp are not uniquely defined, because arbitrary local
material element rotations superposed to unstressed state give alternate intermediate con­
figurations. However, if the material is elastically isotropic and remains such during the
inelastic deformation, preserving its elastic properties, the elastic strain energy ljJe per unit
unstressed volume is an isotropic function of the right Cauchy-Green elastic deformation
tensor Ce F;Fe, i.e. ljJe(QCeQT) = ljJe(Ce), Here, Q is an orthogonal tensor corresponding
to arbitrary rigid-body rotation superposed to the unstressed state (superscript T denotes
the transpose). The elastic stress response from fJ'Jf ~;!If is, therefore, not influenced by the
nonuniqueness of intermediate configuration and is given by the well-known isotropic finite
elasticity law (Truesdell and Noll, 1965)

(2)

In eqn (2), the strain energy (per unit unstressed volume) ljJe is an isotropic function of the
left Cauchy--Green elastic deformation tensor Be = Fe F;, II denotes the determinant and (1

is the Cauchy stress tensor. This structure of elasticity law was used in a series of papers on
the elastoplastic constitutive equations by Lee and his coworkers (Lee, 1969; Lubarda and
Lee, 1981; Agah-Tehrani et al., 1987), by Lubarda (l991a, 1994) and Lubarda and Shih
(1994).

Few attempts were made to extend the analysis based on the multiplicative decompo­
sition to materials that are elastically anisotropic in its initial (underformed) configuration,
or to materials that develop elastic anisotropy during a course of inelastic deformation
(Dafalias, 1985; Lubarda, 1991 b). In fact, since in most elaborations it was assumed
that elastic properties are not influenced by the previous inelastic processes, which is an
unacceptable assumption in many cases of engineering importance, the usefulness of the
decomposition was seriously questioned (Nemat-Nasser, 1982). The difficulty was partly
related to the nonuniqueness of the unstressed configuration, its consequences on the
anisotropic elastic response, and anticipated mathematical difficulties that may arise in
proper handling of the analysis. This paper is, consequently, devoted to the generalization
of the existing constitutive analysis, based on the multiplicative decomposition, to materials
that change their elastic properties during the inelastic deformation process, and exhibit
the damage-elastoplastic response. The general formulation is presented, restricted to
isothermal and time-independent material behavior.

2. DESCRIPTION OF ANISOTROPIC ELASTIC RESPONSE

Consider an intermediate configuration fJ'J t obtained by distressing the current con­
figuration ;!It to zero stress. Assume that the material in configuration f?}t is elastically
anisotropic, either because it was initially anisotropic, or because it has developed elastic
anisotropy during the previous inelastic deformation (for example, due to the grain rotations
in a polycrystalline metal sample and the consequent crystallographic texture, or due to
anisotropic crack progression in the brittle rock samples). Therefore, let ~ denote a set of
the symmetric tensor variables of various orders (scalars, second-order, fourth-order
tensors, etc.), attached to the current configuration ;!It, which appropriately account for the
degradation ofelastic material properties and their directional changes, accumulated during
the previous inelastic deformation. The variables ~ will be referred to as the damage
variables. For example, in modeling inelastic behavior with infinitesimal elastic component
of strain, the current (degraded) fourth-order elastic stiffness tensor can be selected as
an appropriate damage tensor (Dougill, 1983). Ortiz (1985) has used the current elastic
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compliance tensor as the damage tensor in his study of inelastic behavior of concrete [see
also Lubarda and Krajcinovic (1993, 1994a)).

Even if there is no degradation of elastic material properties, the tensor variables ~
can be introduced to properly and conveniently describe the state ofinitial elastic anisotropy
of the material [structural tensors (Boehler, 1987)]. For example, in the case of transverse
isotropy with the axis of isotropy in the current configuration rJ4t coincident with the
direction ", the structural tensor is the second-order tensor f!2j = "®". For orthotropic
material with the principal directions of orthotropy coincident with the directions OJ, "2, "3,
the structural tensors are "I ® "I, "2 ® "2 and "3 ® "3 = 1-"1 ® "I -"2 ® "2 (I denotes the
second-order unit tensor and ® the outside tensor product). The structural tensors cor­
responding to a general elastic anisotropy can be similarly formed and are given in Boehler
(1987).

The introduced damage variables can only change during continuing inelastic defor­
mation but remain unaltered during elastic unloading or reverse elastic loading, except for
the elastic embedding which convects them together with the material. Therefore, the
damage variables r!.t in the current configuration rJ4t become the variables ~ in the inter­
mediate configuration, induced from r!.t by elastic deformation Fe. For example, for the
second-order damage tensor, the induced tensor can be defined by a transformation of the
weighted contravariant or covariant type, i.e.

(3)

where m is the weight and ( -1) denotes the inverse. For the fourth-order damage tensor,
the corresponding induced tensor is

For example, the second tensor in eqn (4) has the components

(5)

To describe the elastic response of anisotropic material at the current state of deformation
and material damage, the strain energy 0/ per unit initial volume is assumed to be given by

(6)

Note that 0/ = IFplo/e, where o/e is the elastic strain energy per unit unstressed volume in
the intermediate configuration. Since the unit of unstressed volume contains a varying
amount of mass during the deformation process whenever plastic deformation is compress­
ible, so that IFpl ::j.: 1, the strain energy 0/ per unit initial volume is introduced in egn (6), as
it always refers to a fixed amount of mass.

Since the material response is independent of the superposed rotation to intermediate­
unstressed configuration, egn (6) has to be an isotropic scalar function of the set of all its
arguments, i.e. Ce and~. For example, if the set~ consists of the second-order tensors ~2
and the fourth-order tensors ~4' the isotropy of 0/ requires that for every orthogonal
transformation Q,

(7)

Note that under the superposed rotation Q of the intermediate configuration, ~ does not
change, as it is defined with respect to the current configuration. Since Fe changes to FeQT,
from eqn (3) it follows that ~2 changes to Q~2QT. An analogous change rule applies to
the fourth-order damage tensor ~4' as utilized in egn (7).

The theory of isotropic scalar and tensor functions of several tensor arguments has
been extensively studied in the literature. A comprehensive treatment of various important
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issues has been presented by Spencer (1971, 1987) and Boehler (1977, 1987). There the
integrity basis for the considered functions are derived mainly for the vector and second­
order tensor arguments. Betten (1982, 1987, 1992) has also considered the functions that
depend on the second- and fourth-order tensors and construction of their individual and
joint invariants. For example, if~ in eqn (6) is a single second-order symmetric tensor, l/J
can be represented as a polynomial of its irreducible integrity basis consisting of the
following invariants:

(Ce: I), (Ce: Ce), (C; : Ce), (~ : I), (~: ~)

(~2 : ~), (Ce: ~), (Ce: ~2), (C; : ~), (C; : ~2). (8)

In eqn (8), (:) stands for the inner (trace) product of the second-order tensors. The integrity
basis can be written for any finite set of second-order tensors. Spencer (1971) provides a
list of invariants and the integrity bases for the polynomial scalar functions dependent on
one to six second-order tensor arguments. For general (not necessarily polynomial) func­
tions, the integrity bases are replaced by the function bases, which, in general, contain fewer
terms than the corresponding integrity bases. For example, the function bases of the general
scalar function dependent on an arbitrary number of second-order tensors are composed
of the traces of the products of all unordered combinations of only one, two and three
tensorial arguments (Boehler, 1977).

The construction of the integrity bases for the second- and fourth-order symmetric
tensors is a more difficult task. Some of the individual and joint invariants are listed below
[for the more complete list, refer to Betten (1987, 1992)]:

~:: (I ® I), (~:: II), (~::~)

~:: (Ce® C), (I: ~: C;), (Ce:~):(~: Ce). (9)

In eqn (9), II is the fourth-order unit tensor, while:: designates the trace, so that for the two
fourth-order tensors A and B, A:: B = A;jkIBi# The trace of the fourth-order tensor A and
the second-order tensor C is the second-order tensor A: C, with the components AijklCkl'

In general, the stress response from the intermediate to current configuration is given
by

(10)

which is independent of the rigid-body rotation superposed to the intermediate configur­
ation. This clearly follows since (1 does not change under the superposed rotation Q of the
intermediate configuration, while Fe changes to FeQT, and Ce to QCeQT. More detailed
discussion of the objectivity issues in the formulation of elastoplasticity theory by using the
multiplicative decomposition of the deformation gradient is presented by Lubarda (l991a).

Expressing the strain energy l/Je per unit unstressed volume in terms of the strain energy
l/J per unit initial volume, eqn (10) can be rewritten as

(11)

where l' = IF I(1 is the Kirchhoff stress and l/J = IFpll/Je is the strain energy per unit initial
volume. In the rate-type constitutive analysis considered in this paper, it will be useful to
start the analysis with the finite elasticity law [eqn (II)], even when intended application is
to material behavior with infinitesimal elastic components of strain.
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3. RATE-TYPE ANALYSIS

To derive the rate-type constitutive equations of the damage-elastoplastic material
behavior, apply first the material time derivative (designated by the superimposed dot) to
both sides of eqn (11). By an appropriate and straightforward rearrangement of the terms,
it follows that

(12)

In view of eqn (11), which gives the stress 'r as a function of Fe and ~, the last term on the
right-hand side of eqn (12) can be written in a compact form as

(13)

In eqn (13), o'C/a~ designates the partial derivative of the stress expression (11) with respect
to ~, at constant Fe. Further, since

(14)

where the subscript s designates the symmetric part, the third term on the right-hand side
of eqn (12) can be written as

Here, Ae is the fourth-order tensor with the rectangular components

a2
t/J

N kl = 4 F: F: F'ikpF'i1q•
IJ 1m In ace ace

mn pq

Substitution ofeqns (13) and (15) into eqn (12) therefore gives

(15)

(16)

(17)

To proceed further with the rate-type constitutive analysis, consider the velocity gradient
in the current configuration at time t, defined by L = FF- 1

• Introducing the multiplicative
decomposition of the deformation gradient [eqn (I )], the velocity gradient can be expressed
as

(18)

The strain rate D and the spin Ware given by the symmetric and antisymmetric parts of
L:

(19)

(20)

Writing FeF; 1 as the sum of its symmetric and antisymmetric parts, and using eqn (20) to
express the antisymmetric part, one has
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(21)

For convenience, the tensor w in eqn (21) denotes the spin

Substitution of eqn (21) into eqn (17) consequently gives

where

~ = t-Wr+rW

(22)

(23)

(24)

represents the Jaumann derivative of the Kirchhoff stress r. The material derivative of the
Kirchhoff stress appearing on the right-hand side ofeqn (24) is t = IFI(b+O' trD), where
tr denotes the trace.

The fourth-order tensor of the instantaneous elastic moduli file, appearing in eqn (23),
has the rectangular components given by

(25)

where 1Jij denotes the Kronecker delta. In view of the introduced isotropy of the strain
energy function l/J, it is easily shown that the components [eqn (25)] are independent of the
superposed rotation of the intermediate configuration. In other words, anyone from
infinitely many by rotation differing deformation gradients Fe when substituted into eqn
(25), gives the same values of the instantaneous elastic moduli. In metals the elastic moduli
are usually far greater than the applied stresses and the two fourth-order tensors, whose
components are given by eqns (16) and (25), are approximately equal to each other.

4. THE RATES OF DAMAGE TENSORS

Consider first !!0 to be the second-order damage tensor. The material time derivative
of the induced tensor of the contravariant type, !!0 = IFel'" F; I!2JF;T, is

(26)

where

(27)

is the corresponding (Oldroyd/Truesdell type) convected derivative, relative to the velocity
gradient FeF; I. If the induced tensor of the covariant type is used, i.e. !!0 IFel-"'F~!it1Fe,

one has

(28)

where
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.e

r!) = .@ + r!)(FeF; 1) + (FeF; 1f r!) - mr!) tr (FeF;')

2957

(29)

is the corresponding (Cotter-Rivlin/Truesdell type) convected derivative, associated with
the covariant transformation. Substitution of either eqn (26) or (28) into the second term
on the right-hand side of expression (23) therefore gives

(30)

It should be observed that the introduced convected derivatives [eqns (27) and (29)] are not
uniquely defined because the unstressed intermediate configuration is specified only to
within an arbitrary rigid-body rotation, so that the velocity gradient FeF; 1, used in eqns
(27) and (29), is not uniquely defined either. However, in some applications it may be
convenient to specify the intermediate configuration uniquely, on the basis of some
additional physical structure, explicitly introduced in the considered material model and
pertinent to its internal structure and the deformation modes. For example, in the crystal
plasticity (Asaro, 1983), the rotation of the intermediate configuration is uniquely specified
by requiring that the basic crystalline (lattice) structure always has the same orientation
relative to the fixed reference frame [isoclinic intermediate configuration, in the terminology
of Mandel (1971, 1973)]. In this case, the velocity gradient FeF; 1 is uniquely defined and
represents the sum of the lattice strain rate and the lattice spin. Physically, it is the
discontinuous slip of the material over the active slip planes that causes the lattice orien­
tation to be convected by the lattice and not by the material itself.

On the other hand, in some applications it may be more appropriate to introduce the
convected derivative as the derivative observed in the reference frame that deforms with
the material, i.e. relative to the material velocity gradient L = FF- 1

• For example, in brittle
materials like brittle rocks, the change of elastic properties occurs due to propagation of
the crack-like defects through the material, which convects them with itself during the
deformation process. Therefore, by using eqn (18) to eliminate (FeF;'), eqn (26) can be
rewritten as

where

.@ = .@ - Lr!) - r!)LT +mr!) trL.

Similarly, eqn (28) can be rearranged as

where

(32)

(33)

(34)

Substitution of either eqn (31) or (33) into the second term on the right-hand side of
expression (23) now gives

(35)

When eqn (31) is used, the fourth-order tensor d is defined by
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If eqn (33) is used, eqn (36a) is replaced by

It should be pointed out that, although in this section the damage tensors were assumed to
be the second-order tensors, the structure of expressions (30)-(35) remain the same for any
introduced higher-order symmetric damage tensors. This is illustrated for the fourth-order
tensors in the Appendix of this paper.

5. IDENTIFICATION OF ELASTIC AND DAMAGE STRAIN RATES

Substituting expression (30) into eqn (23) it follows

(37)

If eqn (35) rather than eqn (30) is used, one has

(38)

Concentrating attention first to the case when eqn (37) applies, it is next shown that the
strain rate (FeF; 1)5 consists of three parts: elastic strain rate De' damage strain rate Dd and
an additional part denoted by <1, such that

(39)

Indeed, substitution of eqn (39) into eqn (37) gives

(40)

Since the instantaneous elastic moduli tensor 9'e and its inverse, the instantaneous elastic
compliance tensor 9'; 1, possess required symmetry and reciprocity properties

(41)

it follows that 9'; 1: ~ is derivable from the elastic rate potential <Pe = ~ 9'; 1 : (~®~) as its
gradient o<Pe!a~. Therefore,

(42)

gives the reversible strain increment, that is recovered in a hardening material upon unload­
ing of the Jaumann stress increment associated with ~. Further, it is natural to define the
damage strain rate Dd as the strain rate associated with progressive degradation of the
material elastic properties, as represented by the change ofdamage variables g;. Hence, the

.e

damage strain rate Dd has to be directly related to the rate ofchange tensor g;. Consequently,
in view of the previously established relationship [eqn (42)] between De and~, it necessarily
follows that eqn (40) splits into three equations:
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(43)

(44)

(45)

Inversion of eqn (43) gives the elastic strain rate expression (42). Solving eqn (44) for Dd

provides the expression for the damage strain rate

(46)

_e

With the evolution equation for the damage rate ~ additionally constructed, eqn (46)
explicitly gives the damage strain rate Dd• Finally, condition (45) defines the remaining part
of the strain rate CtF; I)" appearing in eqn (39), i.e.

(47)

If eqn (38) is used in place of eqn (37), it is easily shown that the corresponding damage
strain rate is defined by

_1.(iJr. -)Dd = -.;ee . 8~'~ ,

while expression (47) is replaced by

(48)

(49)

It is clear that the right-hand side of eqn (48) is independent of the superposed rotation to
the intermediate configuration, hence for the prescribed ~ and the known current state of
the material, eqn (48) uniquely specifies the damage strain rate Dd . Since De is also uniquely
specified, the nonuniqueness of the strain rate (FeF; I)" associated with a possible super­
posed rigid-body rotation of the intermediate unstressed configuration, is all contained in
the nonuniqueness of the A part of this strain rate, given by eqn (49). However, in the
subsequent analysis, the Apart ofthe strain rate is of no direct interest and its nonuniqueness
does not present any problem.

6. PARTITION OF THE STRAIN RATE INTO ITS ELASTIC, DAMAGE AND PLASTIC PARTS

Substituting expression (39) for the strain rate (FeF; l)s into expression (18) for the
total strain rate, it now follows that

(50)

Consequently, by defining the plastic strain rate Dp as

(51 )

expression (50) gives the additive decomposition of the total strain rate into its elastic,
damage and plastic constituents, i.e.
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(52)

For example, if the material behavior is such that the Ilyushin postulate can be adopted
(Ilyushin, 1961), i.e. the nett work done during arbitrary closed strain cycle is positive,
provided that inelastic deformation occurred during the cycle, it follows that
Dp +Dd = D - De part of the total strain rate is normal to the yield surface in stress space
[see eqn (11) of Ilyushin (1961) and the discussion following eqn (16) of Hill (1968)]. If
elastic properties are assumed to be uninfluenced by inelastic deformation, the damage
strain rate is zero and Dp = D - De part of the strain rate is normal to the yield surface.

7. ELASTOPLASTICITY WITHOUT DAMAGE

As a special case of the general formulation presented in the previous sections, consider
the elastoplastic deformation of an elastically anisotropic material without a damage. For
the sake of simplicity, restrict attention to transversely isotropic material. A similar analysis
can be performed in the case of elastic orthotropy or more general anisotropy. Let 110 be
the unit vector parallel to the axis of isotropy in the initial undeformed configuration &Bo.
In the current elastoplastically deformed configuration &B[ the material is assumed to
remain transversely isotropic, with the axis of isotropy parallel to the unit direction n. The
corresponding structural tensor is (Boehler, 1987)

qj) = n ® n. (53)

Due to discontinuous slip and other micromechanisms of plastic deformation, the direction
of the isotropy axis is not, in general, convected by the total deformation gradient, i.e.
n =f IF I-'Fno. It will be convenient in this section to specify the intermediate unstressed
configuration .?I[ to be isoclinic, so that the direction of the isotropy axis in f!J>[ is parallel to
its direction no in the initial undeformed configuration &Bo. Note that the so defined isoclinic
configuration is unique to within an arbitrary rigid-body rotation about the axis of isotropy
no. Since the elastic material response from f!J>[ to &B[ is not influenced by the rotation about
the isotropy axis, this rotation is of no further importance. If Fe is the deformation gradient
from any of the introduced isoclinic configurations to the current configuration, it follows
that

(54)

Equation (54) holds because the axis of isotropy can be considered to be embedded in the
material during the elastic deformation Fe. The induced structural tensor in the intermediate
configuration is, therefore, obtained by the contravariant-type transformation

(55)

.e

Since ij) is a constant tensor, from eqn (26) it follows that qj) = 0, and eqn (46) gives that
the damage strain rate is also equal to zero, Dd = O. This was naturally expected to be the
case, because it is assumed that the material remains transversely isotropic, with the
unchanged elastic properties.

Consequently, expression (39) reduces to

(56)

Equation (56), together with expression (47) for the A part of the strain rate, provides the
explicit relationship between the elastic strain rate De and the constituents Fe and Fp, and
their rates, of the multiplicative decomposition of the deformation gradient F = FeFp,
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The remaining part of the total strain rate is the plastic part
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(57)

(58)

For example, if the material behavior is such that the Ilyushin postulate applies, the plastic
strain rate Dp given by eqn (58) is governed by plastic potential and is normal to the
corresponding yield surface in stress space. This follows by applying the Ilyushin postulate
to certain finite or infinitesimal strain cycles, as shown by Hill (1968) and Hill and Rice
(1973). The interpretation of the expressions analogous to eqns (57) and (58) that arise in
the crystal plasticity studies has been given by Hill and Rice (1972), Hill and Havner (1982)
and Asaro (1983).

The instantaneous elastic moduli tensor Y e defined by eqn (25), depends on the
elastic deformation gradient Fe, which is here defined relatively to isoclinic intermediate
configuration. To determine Fe, we proceed as follows. By the polar decomposition theorem,
the elastic deformation gradient Fe can be expressed as Fe = VeRe, where Ve is the elastic
stretch and Re is the elastic rotation tensor. Since the elastic strain energy ljJe is an isotropic
function of both Ce and ~, it follows that

(59)

In eqn (59), Be = V~ is the left Cauchy-Green elastic deformation tensor, while the rotation
induced structural tensor fh is defined by

(60)

where

The stress response (11) can consequently be written as

= 2V DljJ(Be, fh) V
or e DB e'

e

(61 )

(62)

If the current state and the rotation Re are known, eqn (62) gives a one-to-one relationship
between the stress tensor or and the elastic stretch tensor Ve = B~/2. To obtain the elastic
rotation Re, however, additional consideration is needed. For example, if on a certain
physical basis an evolution equation for the spin !1 = ReR; 1 is constructed, the rotation
Re is obtained by the integration of

(63)

Note that from eqn (61) the rate of change of the unit vector 0 is fi = no. When the rotation
Re is determined, the elastic deformation tensor is calculated from Fe = VeRe, where Ve is
calculated from eqn (62). The direction ofthe axis ofisotrophy n in the current configuration
is then found from eqn (54).

8. CONCLUDING REMARKS

We have formulated in this paper the constitutive framework for the analysis of finite
elastoplastic deformation in the presence of progressive degradation of the elastic material
properties and corresponding damage. This has been accomplished by extending the model
of the multiplicative decomposition of deformation gradient, which has previously been
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applied almost exclusively to the analysis ofelastoplastic deformation ofelastically isotropic
materials, which remain isotropic during the plastic deformation processes. The exact
kinematic and kinetic analysis of the finite deformation leads to the partition of the total
strain rate into its elastic, damage and plastic parts. A general structure of the expression
for the damage strain rate is derived, valid for introduced symmetric damage tensors of
any order. The analysis of elastoplastic deformation of elastically anisotropic materials
without damage is also presented, with application to transversely isotropic materials.

The presented work requires several extensions in order to complete the constitutive
description of materials that undergo damage-elastoplastic deformation. The most immedi­
ate one is a development of the constitutive structure for the evolution equations for the
appropriately specified damage variables. The coupling between plasticity and damage,
elaboration on the structure of the yield and damage surfaces, existence of inelastic poten­
tials and normality properties, are some of the associated questions also requiring further
research. The valuable insight is already available from some of the previous related work,
both in metal plasticity and rock and concrete inelasticity, such as Rice (1971), Rudnicki
and Rice (1975), Nemat-Nasser (1983), Ortiz (1985), Ashby and Sammis (1990), Voyiadjis
and Kattan (1992), Lubarda and Krajcinovic (1994b), etc.

Acknowledgments-The author is grateful for the support provided by the research contract with the Waterways
Experiment Station. U.S. Army Corps of Engineers. and the research grant from the U.S. Army Research Office,
Engineering Science Division, Structural Mechanics Branch to Arizona State University. which made this work
possible.

REFERENCES

Agah-Tehrani, A., Lee, E. H., Mallett, R. 1. and Onat, E. T. (1987). The theory of elastic-plastic deformation at
finite strain with induced anisotropy modeled as combined isotropic-kinematic hardening. J. Mech. Phys. Solids
35,519-539.

Asaro, R. J. (1983). Micromechanics of crystals and polycrystals. In Advances in Applied Mechanics (Edited by J.
W. Hutchinson and T. Y. Wu), Vol. 23, pp. 1-115. Academic Press, New York.

Ashby, M. F. and Sammis. C. G. (1990). The damage mechanics of brittle solids in compression. Pure Appl.
Geophysics 133, 489-521.

Betten, J. (1982). Integrity basis for a second-order and a fourth-order tensor. Int. J. Math. Math. Sci. 5, 87-96.
Betten, J. (1987). Invariants of fourth-order tensors. In Applications o/Tensor Functions in Solid Mechanics (Edited

by J. P. Boehler), No. 292, pp. 203-226. Springer-Verlag, Wien.
Betten, J. (1992). Irreduzible invarianten eines tensors vierter stufe. Z. Angew. Math. Mech. 72, 45-57.
Boehler, J. P. (1977). On irreducible representations for isotropic scalar functions. Z. Angew. Math. Mech. 57,

323-327.
Boehler, J. P. (1987). Representation for isotropic and anisotropic nonpolynomial tensor functions. In Applications

of Tensor Functions in Solid Mechanics (Edited by J. P. Boehler), No. 292, pp. 31-53. Springer-Verlag. Wien.
Dougill, Y. W. (1983). Path dependence and a general theory for the progressively fracturing solid. Proc. R. Soc.

London 390A, 341-351.
Dafalias. Y. F. (1985). The plastic spin. J. Appl. Mech. 52, 865-871.
Hill, R. (1968). On constitutive inequalities for simple materials-II. J. Mech. Phys. Solids 16,315-322.
Hill, R. and Havner, K. S. (1982). Perspectives in the mechanics of elastoplastic crystals. 1. Mech. Phys. SolidI

30,5-22.
Hill, R. and Rice, J. R. (1972). Constitutive analysis of elastic-plastic crystals at arbitrary strain. 1. Mah. Phys.

Solids 20, 401-413.
Hill, R. and Rice, J. R. (1973). Elastic potentials and the structure of inelastic constitutive laws. SIAM 1. Appl.

Math. 25,448-461.
Ilyushin, A. A. (1961). On the postulate of plasticity. Prikl. Mat. Mekh. 25, 503-507.
Lee. E. H. (1969). Elastic-plastic deformation at finite strains. J. Appl. Mech. 36, 1-6.
Lubarda, V. A. (l99Ia). Constitutive analysis of large elasto-plastic deformation based on the multiplicative

decomposition of deformation gradient. Int. J. Solids Structures 27,885-895.
Lubarda. V. A. (l99Ib). Some aspects of elasto-plastic constitutive analysis of elastically anisotropic materials.

Int. J. Plasticity 7, 625-636.
Lubarda, V. A. (1994). Elastoplastic constitutive analysis with the yield surface in strain space. J. Mah. Phys.

Solids 42,931-952.
Lubarda. V. A. and Krajcinovic, D. (1993). Damage tensors and the crack density distribution. Int. J. Solids

Structures 30, 2859-2877.
Lubarda, V. A. and Krajcinovic, D. (1994a). Tensorial representation of the effective elastic properties of the

damaged material. Int. J. Damage Mech. 3, 38-56.
Lubarda, V. A. and Krajcinovic, D. (I 994b). Constitutive structure of the rate theory of damage in brittle elastic

solids. Appl. Math. Compo In press.
Lubarda. V. A. and Lee, E. H. (1981). A correct definition of elastic and plastic deformation and its computational

significance. J. Appl. Mech 48,35-40.



An analysis of large-strain damage elastoplasticity 2963

Lubarda, V. A. and Shih, C. F. (1994). Plastic spin and related issues in phenomenological plasticity. J. Appl.
Mech. In press.

Mandel, J. (1971). Plasticite classique et viscoplasticite. Courses and Lectures No. 97, International Center for
Mechanical Sciences. Springer-Verlag, Udine.

Mandel, J. (1973). Equations constitutives et directeurs dans les milieux plastiques et viscoplastiques. Int. J. Solids
Structures 9, 725-740.

Nemat-Nasser, S. (1982). On finite deformation elasto-plasticity. Int. J. Solids Structures 18, 857-872.
Nemat-Nasser, S. (1983). On finite plastic flow of crystalline solids and geomaterials. J. Appl. Mech. 50, 1114­

1126.
Ortiz, M. (1985). A constitutive theory for the inelastic behavior of concrete. Mech. Mater. 4, 67-93.
Rice, J. R. (1971). Inelastic constitutive relations for solids: an internal variable theory and its application to

metal plasticity. J. Mech. Phys. Solids 19,433-455.
Rudnicki, J. W. and Rice, J. R. (1975). Conditions for localization of deformation in pressure-sensitive dilatant

materials. J. Mech. Phys. Solids 23,371-394.
Spencer, A. J. M. (1971). Theory of invariants. In Continuum Physics (Edited by A. C. Eringen), Vol. I, pp. 239­

353. Academic Press, New York.
Spencer, A. J. M. (1987). Isotropic polynomial invariants and tensor functions. In Applications of Tensor Functions

in Solid Mechanics (Edited by J. P. Boehler), No. 292, pp. 141-169. Springer-Verlag, Wien.
Truesdell, C. and Noll, W. (1965). The nonlinear field theories of mechanics. In Handbuck der Physik, Band 111/3.

Springer-Verlag, Wien.
Voyiadjis, G. Z. and Kattan, P. I. (1992). A plasticity-damage theory for large deformation of solids~I.Theoretical

formulation. Int. J. Engng Sci. 30, 1089-1108.

APPENDIX

The expressions for the rates of damage tensors given in Section 4, and for the damage strain rate given in
Section 5, were derived by considering the damage tensors ~ to be the second-order symmetric tensors. We here
show that the same derivation applies when the fourth- or higher-order damage tensors are introduced to
adequately describe material degradation during a deformation process. Indeed, the fourth-order induced damage
tensor ~ in the intermediate configuration fIJ" corresponding to the fourth-order damage tensor ~ in the current
configuration ill" has the covariant-type components

(AI)

The material time derivative ofeqn (AI) is

(A2)

where ~ represents a convected derivative of~ relative to the velocity gradient FeF;'. Substituting eqn (A2) into
the second term on the right-hand side of the expression (23) therefore gives

(A3)

which is the same structure as that of the previously derived expression (30), valid for the second-order damage
tensors.

To derive an expression analogous to eqn (35), eliminate FeF;' from eqn (18) in terms of the total velocity
gradient L = FF-', to obtain

;.. -m T T • -. -1
~'Ikl= IFel (F;,) (Fjp) .@'P;JF,'kF1l+m~i;kltr(FpFp )

- 9 iid FpF; ')ut-9';uAFpF;' )uk - (FpF; ')~9,ukt-(FpF; ')r9u;kt. (A4)

In eqn (A4), ~ denotes a convected derivative of the fourth-order tensor ~, relative to the velocity gradient L,
i.e. the derivative observed in the reference frame that deforms with the material in the current configuration ill,.
The components of this tensor are

(A5)

Substitution of eqn (A4) into the second term on the right-hand side of the expression (23) then gives

SAS 31:21-F
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aT ~ aT. F-1
0§j:!Z = a~:!Z+d:( pFp ), (A6)

with the fourth-order tensor d defined by an expression similar to eqn (36b), corresponding to the second­
order damage tensors. The expression (A6) coincides with the previously derived expression (35). An analogous
derivation with the contravariant-type transformation leads to the same conclusion. Consequently, the derivation
presented in Section 5 and the structure of the damage strain rate expressions (46) and (48) remain valid if the
damage tensors are of the fourth order. The same is true for higher-order tensors, as well.


